ON BERGMAN OPERATORS FOR PARTIAL DIFFERENTIAL EQUATIONS IN TWO VARIABLES ERWIN KREYSZIG
Bergman operators are linear integral operators that map complex analytic functions into solutions of linear partial differential equations with analytic coefficients. In this way methods and results of complex analysis can be used for characterizing general properties of classes of those solutions. For example, this approach yields theorems about the location and type of singularities, the growth, and the coefficient problem for series developments of solutions.
A partial differential equation being given, there exist various types of Bergman operators, and for that purpose it is essential to select an operator whose generating function is as simple as possible. The present paper considers differential equations in two independent variables, introduces a class of Bergman operators satisfying that requirement, and determines the corresponding class of differential equations in an explicit fashion. In fact, necessary and sufficient conditions are obtained in order that the solutions of a partial differential equation can be obtained by means of a Bergman operator of that class. It is also shown that the set of these equations includes several equations of practical importance.
2* Bergman operators of class P o * We consider partial differential equations of the form Δf + a(x, y)jr x + β(x, y)Ψ y + y(x, y)Ψ = 0 assuming that α, β and 7 are real analytic functions in some neighborhood of the origin. Setting z x = x + iX, z 2 = y + ί Y, we maycontinue the coefficients to complex values of the variables. We now introduce the variables z -z ί + iz 2 and z* = z x -iz 2 .
(Note that z* = z if ^ and z 2 are real.) Transforming the given equation and eliminating one of the two first partial derivatives, we obtain (2.1) where μ -0, , m and λ 0 = 1, λ 2 , , λ 2m are constants, then L and B (with g given by (2.4), (2.5)) are said to be of class P o .
L is of class P if and only if there is a natural number m such that where h 2 (z, z*) = c{z, z*)q Q (z) with arbitrary analytic q o (z) and
with M 2μ defined by
This necessary and sufficient condition for Le P was obtained in [9] . An equation (2.1) being given, it is clear that this condition may readily by used to find out whether or not Le P. However, the condition does not yield an explicit characterization of the class P, that is, it does not give explicit expressions for the coefficients b(z,z*) and c(z, z*) of all the differential equations (2.1) with LeP.
Such explicit expressions are desirable, for instance, in connection with generalizing Bauer's and PeschΓs theory [1 -3] 
to other equations. L o is of class P, and (2.6) is of importance because it is closely related to the Laplace and wave equations.
We shall now see that the class P o , which is a subclass of the class P, can be characterized by necessary and sufficient conditions in an explicit fashion. Some applications will be given § 4, and it will be shown that L o e P o . We have λ 0 = 1, thus q Q = 1, and (3.5b) now gives (3.7) e(z,z*)= -γ"P.
Let m = 1. Then the only other equation to be considered is (3.5d) with m ~ 1, and because of (3.6) and (3.7) it takes the form From this and (3.7) we obtain (3.1) where λ -λ 2 /2. Let m > 1. Then (3.5c) with μ = 2 and (3.7) give Substituting this and (3.7) in (3.5c) with any μ, 3 ^ μ ^ ra, and simplifying the resulting equation, we arrive at
By integrating we have
and obtain (3.3b). Furthermore, we now see that b(z, z*) = (λ + 2fc)p(«, z*) and, setting λ + 2k = tc, we obtain (3.2a). Substituting (3.2a), (3.6)-(3.8) in (3.5d), we see that a factor X 2 mP m Pz* drops out and we are left with an equation for λ 2 . The solution is (3.11) λ 2 = -2m((m + ΐ)k -fc) .
Form (3.9) and (3.11) it follows that
The solution is (3.3a). Finally, from q(z, z*) -zp(z, z*), (3.10), and (3.11) we obtain (3.2b). This proves that LeP 0 implies (3.1)-(3.3). Conversely, starting from (3.1) -(3.3) we obtain LeP 01 and the proof is complete.
4. Some applications* We first note that if L is such that in (3.2b), κ/k Φ m + n (n any natural number), then (3.3a) may be written If LeP, then (2.2) (with g given by (2.4)) may be converted to a form free of integrals. In fact, u(z, z*) = (Bf) (z, z*) can then be written by means of the theory of automorphic functions and used for developing a function theory of solutions of (2.6). We mention that (2.6) was also investigated by M. Eichler [5] and I. N. Vekua [11] , and a special case of (2.6) plays a role in the study of minimal surfaces by H. A. Schwarz. Furthermore, (4.4) and results by W. Watzlawek [13] imply that the notion of fundamental systems of solutions of ordinary differential equations may be generalized to partial differential equations (2.1) with LeP.
